Abstract-In this paper, we investigate an edgebased finite difference method based on the reduced dispersion finite difference method. In this method, an arbitrary stencil can be used to obtain a Anitq difference equation where optimal coefficients are derived for a plane wave propagating through a homogeneous region, in the presence of material discontinuities and also for an anisotropic absorber for use as a perfectly matched layer (PML). Numerical results obtained using the optimal finite difference method are compared to those obtained using the vector finite element method (VFEM) with H~(curZ) basis function to demonstrate the improved performance of the proposed method.
I. INTRODUCTION
Traditional finite difference (FD) methods contain several sources of inaccuracies when applied to electromagnetics. They suffer numerical dispersion errors as well as reduced accuracy at material interfaces. A new FD method, called the reduced dispersion finite difference (RDFD) method has been developed which shows a significant reduction in dispersion errors [l] . The coefficients of the node-based FD method are chosen to minimize both phase and material discontinuity errors. However, the node-based method has limited application to threedimensional problems due to its inability to handle field discontinuities at material interfaces and the singular behavior of the fields near perfectly conducting edges and corners. Traditional edge-based FD methods have not been successfully applied to solving the vector Helmholtz equation because FD equations at perfect electric conductors and material interfaces have not been found. With the RDFD method, these limitations can be overcome. An edge-based RDFD method was proposed in [2] . In this paper, we investigate the application of the twodimensional RDFD method at material interfaces including the anisotropic perfectly matched layer which is used as an absorbing boundary condition. Comparisons are made with the vector finite element method (VFEM) with Ho (curl) basis functions Manuscript received June 3, 1998.
THEORY
The field in a homogeneous, isotropic, source-free region, is governed by the vector Helmholtz equation
A typical two-dimensional FD approximation of the vector Helmholtz equation for the T M , case is given by
where j = x, z, h is the grid spacing, and a = k2h2 -4
for a traditional second order FD approximation. The coefficients in front of the first four terms in the above equation must be the same in order to maintain symmetry for waves propagating in any direction through the grid. The exact solution to equation (1) does not actually satisfy equation (3). In fact, we can consider a plane wave propagating through the grid. This solution is a good choice since most field solutions can be expanded in terms of a sum of plane waves. The electric field of the plane wave is given by 
The optimal value for a is -4Jo(lch). As it turns out, the simple 5-point stencil used in the homogeneous region cannot be used at a material interface. The x and z components of the electric field must be coupled within to stencil to produce an accurate FD approximation. Figure  1 gives the stencils necessary for the interface. Note that the stencil is the same one that is used in VFEM. Because of this, one can look at the normalized residue for the two cases to compare their accuracy. The following FD equations model the tangential and normal components at the interface accurately :
cl(zl5 + g18) + c2(&6 + J % 7
The coefficients are found from minimizing the normalized residue for a plane wave incident on the media interface. Unlike the homogeneous region, there are several unknown coefficients in each equation. The coefficients are found through an application of least squares. The least squares method can either be applied analytically as in [l] or numerically as done here, where the normalized residue is set to zero for one degree increments from 0 = 0" to 359". In Table 1 , the coefficients for both RDFD and VFEM are shown for a free space/dielectric interface ( E , = 4) with a grid spacing of X/10 where X is the free space wavelength. axis). The improvement is not so pronounced for the normal component in freespace. This is due to the existence of two plane waves in the region. However, it should be noted that the residue is still considerably smaller than that due to the VFEM.
ABSORBING BOUNDARY CONDITION
There has been considerable work done on the use of a perfectly matched layer (PML) as an absorbing boundary condition [3], [4] .It was suggested by Sacks etal.
[5] that reflectionless property of a material may be obtained by assuming the material to be anisotropic. This method is elegant since it does not require a modification of Maxwell's equations and hence results in Maxwellian waves which can be studied under the general framework of electromagnetics. In spite of the fact that the material is theoretically perfectly absorbing, there exists a finite amount of reflection due to discretization and the reflections from the perfect electric conductor (PEC) bounding the PML. If the absorbing material is more lossy, lesser lengths of PML is sufficient to absorb the waves going out of the computational domain. Hence, it is desirable to have a highly lossy material as an absorber. However, artificial reflections occur at the freespace-PML interface due to the jump in material properties. This is more pronounced when the absorbing material is more lossy. Moreover, the use of highly lossy materials results in fields that decay rapidly in the absorber, for which the polynomial approximation for the fields is not very accurate. We propose an optimal stencil and a method of obtaining the finite difference coefficients to model the decaying wave. = a -j p ) is a loss factor that we can choose. The optimal coefficients for the stencils within the PML and at the interface between the PML and free space may be obtained using (9) and (11) to minimize the residue over all real angles of incidence. The resulting coefficients for the case where a = 3 -j 3 and h = X/20 are shown in Table I1 for both the RDFD method and VFEM.
In Figure 6 , the reflection coefficient from the numerical solution is plotted as a function of the theoretical reflection coefficient. The range of theoretical reflection coefficient is obtained from changing the loss parameter a. A similar plot obtained using the VFEM is also plotted for comparison. From the plots, it is clear that the PML employing the modified coefficients achieve over 20dB improvement comter for lower values of 8.
It is
from Figure that the PML the mod-pared to the VFEM. As expected, the PML performs betified coefficients performs much better than the VFEM. The major limitation in using an anisotropic absorber is the reflection that occurs at the PML interface when a highly lossy material is used. This is evident from the plot V. CONCLUSION of reflection coefficient which rolls off to a steady value and then infact starts increasing when the jump in the material property at the interface increases further. The modified coefficients model the jump better due to the exponential variation in the basis functions that was assumed. Hence, the artificial reflections at the interface are reduced and better reflection coefficients can be achieved. The savings is more pronounced in the case of a coarser grid as can be seen from Figure 6 -(b).
The proposed edge-based FD method reduces the numerical dispersion and hence provide superior results compared to the traditional methods. Modified coefficients are obtained for an anisotropic absorber for use as a PML. The results obtained using the RDFD method are found to be better than those using the VFEM with Ho(curl) elements. The reduced reflections at the PML interface allows the use of highly lossy materials to absorb waves. Hence. reduced lengths of PML may be used to obtain the v ' same accuracy as in traditional methods. Although the formulation and numerical results shown here are two dimensional, their extension to three dimensions is straightf O n m d The method retains the sparsity of the system matrix and produces accurate results without increasing
B. TM waveguide
In order to validate the PML for waves traveling at different angles, we consider the case of TM, wave propagating at two different angles in the waveguide shown in Figure 7 . the computational complexity. 
